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Abstract

Given a point P in Euclidean space R
3 we

look for all points Q such that the length
PQ of the line segments PQ from P to Q
equals the length of the central image of
the segment. It turns out that for any fixed
point P the set of all points Q is a quar-
tic surface Φ. The quartic Φ carries a one-
parameter family of circles, has two coni-
cal nodes, and intersects the image plane π
along a proper line and the three-fold ideal
line p2 of π if we perform the projective clo-
sure of the Euclidean three-space. In the
following we shall describe and analyze the
surface Φ.
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Figure 1: Principal lines: orthogonal pro-
jection (left), oblique parallel projection
(right).

1 Introduction

It is well-known that segments on lines
which are parallel to the image plane π
or, equivalently, orthogonal to the fibres of
an orthogonal projection have images of the
same length, i.e., they appear undistorted,
see [1, 4, 5, 7]. The lines orthogonal to
the fibres of an orthogonal projection are
usually called principal lines and they are
the only lines with undistorted images un-
der this kind of projection.

In case of an oblique parallel projection, i.e.,
the fibres of the projection are not orthogo-
nal (and, of course, not parallel) to the im-
age plane, the principal lines are still paral-
lel to the image plane π. Nevertheless, there
is a further class of principal lines in the
case of a parallel projection ι : R

3 → R
2.

As illustrated in Figure 1, we can see that
in between the parallel fibres fP and fQ of
two arbitrary points P and Q on a princi-
pal line l ‖ π we can find a second segment

emanating from P and ending at Q̃ with

PQ = PQ̃ = P ′Q′. (Here and in the fol-
lowing we write P ′ for the image point of P
instead of ι(P ).) In case of an orthogonal

projection, we have Q = Q̃, cf. Figure 1.
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In both cases, the orthogonal projection
and the oblique parallel projection, the
principal lines are mapped congruent onto
their images.

What about the central projection? Let
κ : R

3 \ {O} → π be the a central pro-
jection with center (eyepoint) O and image
plane π. For the sake of simplicity, we shall
write P ′ instead of κ(P ). Again the lines
parallel to π serve as principal lines. Of
course, the restriction κ|l of κ to a line l ‖ π
is a similarity mapping. The mapping κ|l is
a congruent transformation if, and only if,
l ⊂ π because it is the identity in this case.

From Figure 2 we can easily guess that even
in the case of central projections there are
more line segments than those in the image
plane π having central images of the same
length. Once we have chosen a point P on
the fibre fP through P ′ we can find up to
two points Q, Q̃ on the fibre fQ through

Q′ such that P ′Q′ = PQ = PQ̃ holds as
long as PfQ < P ′Q′. The points Q and

Q̃ coincide exactly if PfQ = P ′Q′. Finally,

there are no points Q and Q̃ if PfQ > P ′Q′.

In the case of a central projection κ, only
the lines in the image plane are mapped
congruent onto their images. All the other
lines which carry segments whose images
are of the same length are not mapped con-
gruent onto their images. Just one segment
on all these lines has a κ-image of the same
length.

Note that if either Q or P equals O the
line [P,Q] is mapped to a point. Thus
s = PQ 6= P ′Q′ since the latter quantity
is undefiend for either Q′ or P ′ does not ex-
ist.

O

P

Q

P ′

Q′

Figure 2: Some of infinitely many segments
of length s with the same image P ′Q′ and,
therefore, also of length s.

Assume further that P 6= O is an arbitrary
point in Euclidean three-space. Now we can
ask for the set of all points Q at fixed dis-
tance, say s ∈ R \ {0}, such that

s = PQ = P ′Q′ (1)

where P ′ := κ(P ) and Q′ = κ(Q) and
s ∈ R \ {0}. The left-hand equation of (1)
can also be skipped. Then, we are looking
for all points Q being the endpoints of line
segments emanating from P whose central
image has the same length. It is clear that
the set of all Q is an algebraic surface. In
Section 2 we shall describe and analyze this
surface in more detail. Section 3 is devoted
to the study of algebraic properties of this
surface. Surprisingly, this type of quartic
surface does appear among the huge num-
ber of quartic surfaces in [3].

In the following x = (x, y, z)T ∈ R
3 are

Cartesian coordinates. For any two vectors
u and v from R

3 we denote the canonical
scalarproduct by

〈u,v〉 = uxvx + uyvy + uzvz.
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Based on the canonical scalarproduct, we
can compute the length ‖v‖ of a vector v

by ‖v‖ =
√

〈v,v〉.

2 The set of all end-

points

In the following we assume that there is the
central projection κ : R

3∗ → π ∼= R
2 with

the image plane π where R
3∗ := R

3 \ {O}
and O 6∈ π shall be the center of the projec-
tion, i.e., the eyepoint. The principal (van-
ishing) point H ∈ π is π’s closest point to
the eyepoint O and d := OH = Oπ is called
the distance of κ. Therefore, H is the ped-
alpoint of the normal from the eyepoint O
to the image plane π.
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Figure 3: Line segments in π and their
equally long preimages.

Let us assume that P ∈ R
3∗ \{π} is a point

in Euclidean three-space (neither coincident
with O nor in π). With P ′ = [O,P ] ∩ π we
denote the κ-image of P . The set of all

points Q′ ∈ π with a certain fixed distance
s ∈ R \ {0} from P ′ is a circle cP ′,s in the
image plane π centered at P ′ with radius s,
see Figure 3.

We find all possible preimages of Q′ on the
quadratic cone ΓP ′,s = cP ′,s ∨ O of κ-fibres
through all points on cP ′,s. The preimages
shall satisfy

s = P ′Q′ = PQ

and, therefore, they are located on a Eu-
clidean sphere ΣP,s centered at P with ra-
dius s. Consequently, we can say:

Theorem 1. The set of all points Q ∈ R
3

with PQ = P ′Q′ = s ∈ R \ {0} for some
point P ∈ R

3∗ \ {π} is a quartic space
curve q being the intersection of a sphere
ΣP,s (centered at P with radius s) with a
quadratic cone ΓP ′,s whose vertex is the eye-
point O and the circle cP ′,s (lying in π, cen-
tered at P ’s κ-image P ′, and with radius s)
is a directrix.

The quartic curve q mentioned in Theorem
1 has always two branches, since the two
points on each generator fQ of ΓP ′,s are the
points of intersection of the generator fQ
with the sphere ΣP,s. Therefore, q is in
general not rational. An example of such
a quartic is displayed in Figure 4 where
the sphere ΣP,s and the cone ΓP ′,s are also
shown.

Not even in the cases [O,P ]⊥π and P ∈ π
an exeption occurs: q happens to be the
union of two circles (rational curves). How-
ever, the union of rational curves is (in gen-
eral) not rational. In the first case ΓP ′,s is
a cone of revolution and ΣP,s is centered on
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Figure 4: The quartic curve q of possible
endpoints of line segments starting at P
with length s and equally long image seg-
ments. The curve q is the intersection of the
quadratic cone ΓP ′,s and the sphere ΣP,s.

the cone’s axis. Consequently, q degener-
ates and becomes a pair of parallel circles on
both surfaces. In the second case the quar-
tic q is also the union of two circles, namley
cP ′,s and a further circle on ΣP,s and ΓP ′,s.

Figure 4 shows an example of such a quar-
tic curve (in the non-rational or generic
case) carrying the preimages of possible
endpoints Q.

As the length s of PQ as well as of P ′Q′

can vary freely, there is a linear family of
quartic curves depending on s. Thus, from
Theorem 1 we can deduce the following:

Theorem 2. The set of all points Q being
the endpoints of line segments PQ starting
at an arbitrary point P ∈ R

3∗ \ {π} with
PQ = P ′Q′ is a quartic surface Φ.

Proof. There exists a (1, 1)-correspondence
between the pencil of quadratic cones ΓP ′,s

O

PΦ

O

ΣP,s

π

Figure 5: The linear one-parameter family
of spherical quartic curves covers a quartic
surface.

and the pencil of spheres ΣP,s. Conse-
quently, the manifold of common points,
i.e., the set of points common to any pair
of assigned surfaces is a quartic variety, cf.
[6].

Figure 5 shows the one-parameter family of
quartic curves mentioned in Theorem 2.

Figures 5 and 6 show the quartic surface Φ
mentioned in Theorem 1.

3 The quartic surface

In order to describe and investigate the
quartic surface Φ, we introduce a Cartesian
coordinate system: It shall be centered at
H , the x-axis points towards O, and π shall
serve as the [yz]-plane. Thus, O = (d, 0, 0)T

and the image plane π is given by the equa-
tion x = 0.

For any point P ∈ R
3∗ with coordinate vec-
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Figure 6: The quartic surface Φ with its circles in planes parallel to π has a singularity at
O and P . Φ intersects π in the line l and the ideal line p2 of π, the latter with multiplicity
three.

tor p = (ξ, η, ζ)T with ξ 6= d the central
image P ′ := κ(P ) = [O,P ] ∩ π is given by

p′ =

(
0,

dη

d− ξ
,

dζ

d− ξ

)T

. (2)

Obviously, P ′ = P if P ∈ π, i.e., ξ = 0.
The points in the plane

πv : x = d (3)

have no image in the affine part of the plane
πv. Therefore, the plane πv is called vanish-
ing plane. The plane πv contains the center

O and is parallel to π at distance d. Per-
forming the projective closure of R3 the im-
ages of all points of πv \ {O} are the ideal
points of π gathering on π’s ideal line p2 .

Let now Q be the variable endpoint of
a segment starting at P . The point Q
shall be given by its coordinate vector x =
(x, y, z)T. Then, an implicit equation of Φ
is given by

Φ : PQ
2

− P ′Q′
2

= 0. (4)

Using Eq. (2) we can write Eq. (4) in terms
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of coordinates as

Φ : d2((η(d− x)− yδ)2 +

+ (ζ(d− x)− zδ)2) =

=((x−ξ)2+(y−η)2+(z−ζ)2) ·

·δ2(d− x)2

(5)

where δ := d− ξ.

4 Properties of Φ

A closer look at the equation of Φ as given
by Eq. (5) allows us to formulate the fol-
lowing theorem which holds in projectively
extended Euclidean space R

3:

Theorem 3. Let κ : R3∗ → π be a central
projection from a point O ∈ R

3 to a plane
π 6∋ O and let further P ∈ R

3⋆ be a point in
Euclidean three-space. The set of all points
Q satisfying

PQ = P ′Q′

(where P ′ = κ(P ) and Q′ = κ(Q)) is a uni-
circular algebraic surface Φ of degree four.
The ideal line p2 of π is a double line of Φ.

Proof. The algebraic degree Φ can be easily
read off from Eq. (5).

In order to show the circularity of Φ, we per-
form the projective closure of R3 and write
Φ’s equation (5) in terms of homogeneous
coordinates: We substitute

x = X1X
−1

0
, y = X2X

−1

0
, z = X3X

−1

0

and multiply by X4

0
. The intersection of the

(projectively) extended surface Φ with the

ideal plane ω : X0 = 0 is given by inserting
X0 = 0 into the homogeneous equation of
Φ which yields the equations of a quartic
cycle

φ : X2

1
(X2

1
+X2

2
+X2

3
) = X0 = 0. (6)

The first factor of the latter equation tells
us that the ideal line p2 of the image plane
π : X1 = 0 is a part of φ = ω ∩ Φ and has
multiplicity two. In order to be sure that
p2 is a double line on Φ, we compute the
Hessian H(Φ) of the homogeneous equation
of Φ and evaluate at

p2 = (0 : 0 : X2 : X3)

(with X2 : X3 6= 0 : 0 or equivalently X2

2
+

X2

3
6= 0). This yields

H(Φ)=2δ2(X2

2
+X2

3
)




0 −d 0 0
−d 1 0 0
0 0 0 0
0 0 0 0


 (7)

which shows that all but two partial deriva-
tives of Φ’s homogeneous equation do not
vanish along p2. Therefore, p2 is a double
line on Φ.

The second factor of the left-hand side of
(6) is the equation of the absolute conic of
Euclidean geometry with multiplicity one.
Thus, Φ is uni-circular.

A part of the double line p2 is shown in
Figure 7 which shows a perspective image
of the surface Φ and the circles and lines on
Φ.

Corollary 1. In the case P ∈ π, i.e., ξ = 0,
the surface Φ is the union of the image
plane π (a surface of degree one) and a cu-
bic surface.
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Figure 7: A perspective image of the situation in space: The ideal line p2 of the image
plane π of κ is a part of the double curve of Φ. The two parallel lines l and m meet in
the common ideal point L ∈ p2. The two planes π and x = 2d serve as tangent planes
of Φ along p2 and meet Φ along p2 with multiplicity three and l and m appear as the
remaining linear part.

Proof. If P ∈ π, we have ξ = 0. Inserting
ξ = 0 into Eq. (5) we find

x(‖x‖2(x−2d)−2(x−d)(ηy+ζz)+d2x)=0.

Obviously, Φ is the union of the plane π
(with the equation x = 0) and a cubic sur-
face.

The spheres of the one-parameter family of
concentric spheres centered at P carrying

the one-parameter family of quartic curves
q ⊂ Φ intersect Φ along the quartics q and
the absolute circle of Euclidean geometry.
At the latter the spheres are in concact with
each other and with the quartic surface Φ.
This can easily be shown by computing the
resultants of Φ’s and the spheres’ homoge-
neous equations with respect to X0. From
this resultant the factor X2

1
+X2

2
+X2

3
splits

off with multiplicity 2. In other words: Φ
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and all spheres about P share an isotropic
tangent cone with vertex at P .

The shape of the curve ω∩Φ together with
η2 + ζ2 6= 0, i.e., P /∈ [O,H ], tells us:

Theorem 4. A plane x = k (k ∈ R) paral-
lel to the image plane π intersects Φ along

1. the union of a circle whose center lies
on a rational planar cubic curve γ
and the two-fold ideal line p2 if k 6=
0, d, 2d, ξ,

2. the union of a line l and the three-fold
line p2 if k = 0,

3. the union of a line m ‖ l and the three-
fold line p2 if k = 2d, and

4. the union of a pair of isotropic lines
and the two-fold line p2 if k = d, ξ.

Proof. Each planar section of the affine part
of Φ is an algebraic curve whose degree is
at most 4. As we have seen in the proof of
Theorem 3, the ideal line p2 of the image
plane π is a two-fold line in Φ. Thus, the
intersection of (the projectively extended)
surface Φ with any plane parallel to π also
contains this repeated line. The remaining
part r of these planar intersetions is at most
of degree 2.

The planes parallel to π meet the absolute
conic of Euclidean geometry at their abso-
lute points which induce Euclidean geom-
etry in these planes. Since the absolute
conic is known to be a part of φ, the curves
r are Euclidean circles (including pairs of
isotropic lines and the join p2 of the two ab-
solute points as limiting cases). The equa-
tions of the intersections of Φ with planes

parallel to π can be found by rearranging
Φ’s equation (5) considering y and z as vari-
ables in these planes. The coefficients are
univariate functions in x and we find

x(x− 2d)δ2(y2 + z2)+

+2δ(d− x)(δx+ dξ)(ηy + ζz)+

+(d− x)2δ2(〈p,p〉+ x(x− 2ξ))

−d2(η2 + ζ2) = 0.

(8)

The essential monomials y2, z2, y, and z
are underlined in order to emphasize them.
Note that the monomial yz does not show
up. Since coeff(x2) = coeff(y2) the curves
in Eq. (8) are Euclidean circles.

1. We only have to show that the cen-
ters of the circles given in Eq. (8) on
Φ in planes x = k (with k 6= 0, d, 2d, ξ)
are located on a rational planar cubic
curve. For that purpose we consider
Φ’s inhomogeneous equation (5) as an
equation of conics in the [y, z] plane.
By completing the squares in Eq. (8),
we find the center of these conics.
Keeping in mind that x varies freely
in R \ {0, d, 2d, ξ} we can parametrize
the centers by

γ(x) =




x

η(d− x)(dξ + dx− xξ)

δx(2d− x)

ζ(d− x)(dξ + dx− xξ)

δx(2d− x)




(9)
which is the parametrization of a ra-
tional cubic curve. The cubic passes
through O and P which can be veri-
fied by inserting either x = d or x = ξ.
In order to show that m is planar, we
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show that any four points on γ are
coplanar. We insert ti 6= 0, d, 2d, ξ with
i ∈ {1, 2, 3, 4} into (9) and show that
the inhomogeneous coordinate vectors
of the four points γ(ti) are linearly de-
pendent for any choice of mutually dis-
tinct ti.

From

det




1 γ(t1)
T

1 γ(t2)
T

1 γ(t3)
T

1 x y z


 = 0

we obtain the equation

ηy − ηz = 0

of the plane that carries γ.

Figure 8 shows the cubic curve γ with
its three asymptotes.

2. The image plane π : x = 0 of the un-
derlying central projection κ touches
(the projective extended surface) Φ
along the ideal line p2 of π. This can
be concluded from the following: We
write down the quadratic form

XTH(Φ)X = X1(X1 − 2dX0) = 0

with H(Φ) being the Hessian from
(7) and X = (X0, X1, X2, X3)

T be-
ing homogeneous coordinates. (Non-
vanishing factors are cancelled out.)
This form gives the equations of the
two planes through p2 that intersect Φ
along p2 with higher multiplicity than
two, i.e., in this case with multiplic-
ity three. Thus, the multiplicity of the
line p2 considered as the intersection of
π and Φ is of multiplicity three and a

single line l of multiplicity one remains.
This line is given by

l : (2d− ξ)〈p,p〉 − d2ξ=2δ(ηy + ζz)

where y and z are used as Cartesian
coordinates in the image plane π.

3. In a similar manner we find the line m
which is the only proper intersection of
Φ with the plane x = 2d:

m : d(2d2 − 5dξ + 4ξ2)− ξ〈p,p〉 =

= 2δ(ηy + ζz)

The plane of the cubic curve γ is or-
thogonal to the lines l and m.

4. In case of x = ξ, the plane runs
through P . Again, the ideal line p2
splits off with multiplicity two. The re-
maining part r is the pair of isotropic
lines through P with the equation

x = ξ, (y − η)2 + (z − ζ)2 = 0.

The same situation occurs at O, i.e.,
x = d where the isotropic lines have
the equation

x = d, y2 + z2 = 0.

The circles as well as the line l on the quar-
tic surface Φ can be seen in Figures 6, 9,
and 8. In Figure 8, a small piece of the line
m shows up.

Remark 1. In the case of P ∈ [O,H ], or
equivalently, η2 + ζ2 = 0 the lines l and m
coincide with the ideal line of π and, thus,
π ∩Φ is the ideal line of π with multiplicity
four. The same holds true for the plane x =
2d if P ∈ [O,H ].
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γ

γ

Φ

O

P

Figure 8: The cubic curve γ carries the centers of all circles on Φ. Its ideal doublepoint
(0 : 0 : η : ζ) is the ideal point of the lines orthogonal to l ‖ m. The tangent of c at
the third ideal point (0 : 1 : 0 : 0) passes through P . The three dashed lines are γ’s
asymptotes.

Remark 2. The planes π and x = 2d be-
have like the tangents of a planar algebraic
curve c at an ordinary double point D be-
cause these tangents intersect c at D with
multiplicity three. This cannot just be seen
from Figure 7.

The lines l and m from the proof of The-
orem 4 are parallel to each other but skew
and orthogonal to the line [O,P ] as long as
ξ(ξ − 2d) 6= 0. If ξ = 0 or ξ = 2d, we

have the case mentioned in Remark 1 and
l and m are ideal lines. They are still skew
to [O,P ] but orthogonality is not defined in
that case.

The set of singular surface points on Φ con-
tains only points of multiplicity two. A
more detailed description of the set of sin-
gular surfaces points is given by:

Theorem 5. The set of singular surface
points on Φ is the union of eyepoint O, the
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ΓO
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Figure 9: The two singular points O and P are conical nodes, i.e., the terms of degree
two of Φ’s equation when translated to O or P are the equations of quadratic cones. The
circular sections of Φ lie in planes that meet the quadratic cones ΓO and ΓP along circles.

object point P , and the ideal line p2 of the
image plane π. The eyepoint O and the ob-
ject point P are conical nodes on Φ.

Proof. The ideal line of π is a line with mul-
tiplicity two on Φ. The planes π : x = 0
and x = 2d intersect Φ along this ideal
line with multiplicity three as shown in the
proof of Theorem 4. Therefore, the points
on π’s ideal line are singular points consid-
ered as points on Φ.

The points O and P are singular surface
points on Φ since the gradients of Φ vanish
at both points:

grad(Φ)(d, 0, 0) = (0, 0, 0)T

and

grad(Φ)(ξ, η, ζ) = (0, 0, 0)T

Now we apply the translation τ1 : O 7→
(0, 0, 0)T to Φ, i.e., the singular point O
moves to the origin of the new coordinate
system. The equation of Φ does not al-
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ter its degree. However, the monomials in
the equation of Φ are at least of degree two
in the variables x, y, z. If we remove the
monomials of degree three and four, we ob-
tain the equation of a quadratic cone ΓO

centered at O. Its equation (in the new co-
ordinate system, but still labelled x, y, z)
reads

ΓO : d2δ2〈x,x〉+2d2δx(ηy+ζz)=

=(δ4+ ξ(2d+ξ)〈p,p〉+ξ3(d+ δ))x2.

ΓO is the second order approximation of Φ
at O. Since ΓO is a quadratic cone the sin-
gular point O is a conical node, see [2].

In order to show that P is also a con-
ical node of Φ we apply the translation
τ2 : P 7→ (0, 0, 0)T. Again we use x, y,
z as the new coordinates and the quadratic
term of the transformed equation of Φ given
by

ΓP : ξ(δ + d)δ2〈x,x〉+2d2δx(ηy+ζz)+

+d2(〈p,p〉 − δ2 − 2ξ2)x2 = 0.

is the equation of a quadratic cone ΓP cen-
tered at P . Consequently, P is also a coni-
cal node (cf. [2]).

Remark 3. The homogeneous equations
of the quadratic cones ΓO and ΓP are the
quadratic forms whose coefficient matrices
are (non-zero) scalar multiples of the Hes-
sian matrix of Φ’s homogeneous equation
evaluated at O and P .

Figure 9 illustrates the two quadratic cones
ΓO and ΓP . The planes parallel to π (ex-
cept x = k with k ∈ {d, ξ}) intersect both
quadratic cones ΓO and ΓP along circles.

If P = P ′ but [0, P ] 6⊥π, i.e., P ∈ π and
P 6= H , then Φ is the union of the image
plane π and a cubic surface Φ with the equa-
tion

(x−2d)〈x,x〉=2(x−d)(ηy+ζz)−d2x. (10)

The cubic surface Φ has only one singularity
at O which is a conical node.

If P ∈ [O,H ] (but P 6= O,H), then Φ is a
surface of revolution with the equation

x(x−2d)〈x,x〉+ξ(ξ−2x)(x−d)2−d2x2 = 0
(11)

where η2 + ζ2 6= 0 in contrast to earlier as-
sumptions.

Figure 10: The set Φ of all points Q is a
quartic surface of revolution if P ∈ [O,H ]
and P 6= O,H .

Figures 10 and 11 show the two distinct
cases where Φ is a surface of revolution.
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