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Abstract. We compare two different numerical approaches towards
pseudo-geodesics on surfaces. On one hand, we solve the system of dif-
ferential equations numerically using Maple©. On the other hand, we
construct pseudo-geodesics on a surface numerically in a discrete setting.
The algorithms are tested on torus surfaces, but can easily be applied
to any other type of parametrized or discrete surface. We care for suffi-
cient accuracy and stability of the algorithms, not only in order to have
optically appealing results, but also in order to be able to derive further
geometric properties of pseudo-geodesics, comparable to those known for
pseudo-geodesics on cylinders and cones.
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1 Introduction

1.1 Related Work

A curve cf on a surface F is called geodesic if its principal normals nc equals the
surface normals nf at each of its point. The curve cf is called pseudo-geodesic if
its principal normals enclose a fixed and constant angle ϕ with the surface nor-
mals along the curve. Among the pseudo-geodesics we find the ordinary geodesics
(ϕ = π

2
) and the asymptotic lines (ϕ = 0). Both types of curves can be found as

solutions of a system of ordinary non-linear second order differential equations
which allow for exact solutions only in rare and exceptional cases. There do ex-
ist some geometric descriptions of geodesics, especially Clairaut’s theorem [3]
for geodesics on surfaces of revolution. Pseudo-geodesics are given in terms of
explicit parametrizations only for cones and cylinders of revolution in [16–18].
In [12], a characterization of the sphere by means of pseudo-geodesics is given
and the relations to terminators are disclosed. Numerical approaches towards
pseudo-geodesics and meshes built by grids of pseudo-geodesic curves on sur-
faces are presented in [6, 8]. These approaches aim at optically appealing grids
which may find applications in contemporary architecture and design in general.
Our aim is a purely geometric one.
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1.2 Aims and Methods

While geometric properties of pseudo-geodesics on simple surfaces such as cylin-
ders and cones are described, for more complex surfaces like surfaces of revolution
or helical surfaces, no such results are known. Therefore, we hope that a suffi-
ciently accurate numerical approach will give us clues to find parametrizations
of pseudo-geodesics on surfaces of revolution. Later, this will allow us to study
further geometric properties of pseudo-geodesics.

We will attack this problem by solving the differential equations determin-
ing pseudo-geodesic curves numerically (for various initial conditions) in Section
2 and by following pseudo-geodesics on surfaces from initial conditions along
with the geometric condition that the angle ϕ between the curve’s normal and
the surface normal (or equivalently, the curve’s osculating plane and the sur-
face’s tangent plane) remains constant over the course of the curve in Section
3. Both approaches will be tested on torus surfaces, for they are on one hand
sufficiently complex, i.e., they are of genus 1, they show regions of positive and
negative Gaussian curvature, and they have either 2, 1, or 0 singular points.
On the other hand, these surfaces are sufficiently simple: They are closed sur-
faces of revolution and carry four independent one-parameter families of circles.
The latter two properties may increase the chance of finding closed or periodic
pseudo-geodesics. The rather short Section 4 summarizes observations while re-
peatedly and numerically/geometrically integrating the differential equations of
the pseudo-geodesics. From a numerically determined plot in the parameter do-
main, we may be able to guess or fit best approximating closed parameter curves
or approximate the plot by means of Fourier series. This will briefly be sketched
in Section 5 and may at least lead to approximate parametrizations of pseudo-
geodesics, or in the best case, it may lead to a closed form representation of
pseudo-geodesics on the underlying surface. We admit that some of the con-
structions and computations may fit perfectly well for the torus, since this is the
surface we use most of the time. Whenever there is a difference to the case of an
arbitrary base surface, we shall explicitly say so.

2 Numerical Solution of the Differential Equations

2.1 Differential Geometric Preparations

In the first numeric approach, we shall look for numeric solutions of the dif-
ferential equations of pseudo-geodesics on a surface. Therefore, we shall briefly
describe how to write down these equations. A derivation of them can be found
in [12] and a more detailed description of the elementary differential geometry
of curves and surfaces can be found in [3, 7, 13, 14].

Let f : U ⊂ R
2 → R

3 be a C2 parametrization of a surface F = f(U)
in Euclidean three-space with only regular points in U . Let further c(t) =
(u1(t), u2(t)) : I ⊂ U → R

2 be a curve in the parameter domain U , then
cf := f ◦ c= (f i(u1(t), u2(t))) is a surface curve on f(U). Then, I = gijdu

jduj
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denotes the first fundamental form of f and gij = 〈∂if, ∂jf〉 (with 〈x, y〉 denot-
ing the canonical inner product of two vectors x, y). The Christoffel symbols
of the first kind are Γijk = 1

2
(−∂kgij + ∂jgki+ ∂igjk) and determine those of

the second kind according to Γ k
ij = Γijlg

lk, where (gij) = (gij)
−1. Here, and in

what follows, the Einstein convention on sums is used: An index that appears
as superscript and subscript at the same time serves as a summation index. The
curvature analysis of surfaces needs the unit normal vector field nf :U⊂R

2→S2,

which, based on the parametrization, is obtained by nf :=∂1f × ∂2f/
√
G, where

G := det(gij) (with × denoting the exterior product induced by the canonical
scalar product). Then, the second fundamental form of f reads II= hijdu

iduj ,
where hij = 〈nf , ∂i∂jf〉. If now −π

2
< ϕ < π

2
denotes the angle enclosed by the

curve’s principal normal nc and the surface normals nf along the curve, then,
according to [12], the differential equations of the pseudo-geodesics are

c̈l + Γ l
ij ċ

iċj − cotϕhijεrsg
slċr ċiċj = 0, l = 1, 2, (1)

where a dot indicates derivatives with respect to the arc-length parameter and
εij are the components of the skew-symmetric ε-tensor with ε12 = 1.

For initial data consisting of a point P0 = (u1
0, u

2
0) ∈ U and an initial tan-

gent (unit) vector v0 = (du1
0
, du2

0
), there exists a solution of (1), at least locally.

These solutions are the pseudo-geodesics on f(U) = F . Among them, we find the
ordinary geodesics corresponding to ϕ = ±π

2
and the asymptotic curves corre-

sponding to ϕ = 0.1 We shall exclude the ordinary geodesics and the asymptotic
curves from our considerations, the latter because they do only exist in regions
of negative Gaussian curvature.

For the case of a torus, we shall not forget that meridian circles are pseudo-
geodesics, since meridians are geodesics on surfaces of revolution in any case.
The parallel circles form another class of pseudo-geodesics, while they are not
ordinary geodesics. Their osculating plane is constant, whence their principal
normal is also constant and encloses a constant angle with the surface normal
along the parallel circle. Explicit solutions of the equation of ordinary geodesics
on the torus are known (cf. [4, 10]) and shall, therefore, not be discussed here. It
is not so easily verified that none of the curves given in [4, 10, 19] can be found
among the pseudo-geodesics.

Figure 1 shows some examples of apparently closed pseudo-geodesics obtained
as numerical solutions of (1). These are the hopeful candidates when it comes
to curve fitting. Moreover, among the closed curves we may also find algebraic
pseudo-geodesics on the torus if they do exist.

2.2 Numerical Determination of Pseudo-Geodesics with Maple©

The numerical solutions of (1) could be derived with any computer algebra
system that allows for the numerical solution of systems of ordinary differential
equations. For our own convenience, we have chosen Maple©.

1 In order to capture the limit cases of asymptotic curves and ordinary geodesics,
one ought to replace the cotangent by cosϕ/ sinϕ, and subsequently multiply the
differential equation (1) by sinϕ.
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Fig. 1. Some closed pseudo-geodesics on a ring torus: front view and side view (top),
top view and axonometric image (bottom).

It is favorable to use Maple©’s built-in function

dsolve({odes, initial values}, {u1(t), u2(t)}, numeric,
method = Method , relerr = erel, abserr = eabs, output = procedurelist);

where odes are the ordinary differential equations (1) prepared in a separate
procedure, initial values are the initial values P0 = (u1

0, u
2
0) (starting point)

and v0 = (u̇1
0
, u̇2

0
) (tangent unit vector P0). We shall restrict the search of pseudo-

geodesics by setting u2
0
= 0. This means no loss of generality, since the property

of being pseudo-geodesic is invariant under rotations about the torus’s axis.
The coordinate u1

0
is allowed to trace the entire unit circle. This is also the

case for the tip of v0. The option Method can either be rkf45, kf45 dae or
ck45, ck45 dae which are mainly Runge-Kutta methods (fourth and fifth or-
der, Fehlberg method) or Runge-Kutta methods with Cash-Karp coefficients.
Further, Maple© renders Rosenbrock methods (option rosenbrock) and higher
order Runge-Kutta methods (option dverk78) among others. For details on nu-
merical methods for ODEs, we refer to [1, 2, 15]. All these methods were used
and compared in order to show that for sufficient tolerances erel < 10−6 and
eabs < 10−8 the difference between the various results can hardly be seen (mea-
sured in thousands of the principal radius of the torus). The output yields a list
of points Pi = (u1

i , u
2
i ) forming a discrete curve in the parameter domain that

can be raised via the surface parametrization onto the surface. The results are
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then exported into a POV-Ray [9] include file and rendered. Some numerical
solutions of (1) displayed in Fig. 1. These curves seem to be closed.

Of course, we get some discrete curve in that way. However, it is only a
numerical solution of (1), we still have to check the quality of the solution by
calculating the angles ϕi = <)(nci, nf (Pi)) and checking whether they are equal
to the initially chosen value ϕ up to a certain tolerance. Figure 2 shows the plot of
the angle ϕ for a numerical solution. After approximately 4400 points the curve

ϕ−4◦
ϕ

ϕ+4◦

0 2000 4000 6000 8000

Fig. 2. Diagram of the angle ϕ enclosed by the normals of F and the principal normals
of the blue pseudo-geodesic from Fig. 1.

is almost closed. The angle graph in Fig. 2 shows that even twice the amount of
points does not really increase the inaccuracies. Unfortunately, we observe some
jumps. The rather big deviations of the angles ϕi from ϕ motivate the second
approach, i.e., the constructive numerical approach towards pseudo-geodesics.

3 Numerical Construction of Pseudo-Geodesics

3.1 Some Constructive Differential Geoemtry

The assumptions on the underlying surface F are those made in Section 2. Now,
the surface is given as a triangle mesh. At each point P on the surface, a unique
unit normal nf is either given or can be computed from the triangulated surface.
In the case of a torus, the normal (line) meets the spine curve (trace of centers
of all meridians) and the torus’s axis, too (cf. Fig. 4, right).

The initial condition consists of the point P0, a (not necessarily normalized)
tangent vector v0 = (du1, du2), and the constant angle ϕ enclosed by the surface
normal nf and the curve’s principal normal nc. The distribution of normal curva-
tures at P0 is described by the Dupin indicatrix (see [5, 13, 14]) and is computed
via the first and second fundamental form as κn(v0) = II(v0)/I(v0).

In the case of a torus with parametrization

f(u1, u2) =
(

(R+ r cosu1) cos u2, (R + r cosu1) sinu2, r sinu1
)

with (u1, u2) ∈ [0, 2π[2 and r, R ∈ R \ {0}, the principal curvatures can be easily
determined and read κ1 = cosu1/(R+ r cosu1) and κ2 = 1/r.

According to Euler’s formula (cf. [5, 14]),

κn = κ2

1
cosα+ κ2

2
sinα, (2)
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where κ1, κ2 are the F ’s principal curvatures at P0 and α0 is the angle enclosed
by the first principal tangent and the curve’s tangent (vector v0) at P0. Further,

PPPPPPPPPPPPPPPPP

F

α

ϕ

nf
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Fig. 3. At any point P of a curve cf (the curve is not shown) in a surface F and for
any (non-asymptotic) tangent t at P , the osculating circles of all curves through P
tangent to t lie on the Meusnier sphere ΣP,t. (The unnecessary index 0 is suppressed.)

we make use of Meusnier’s theorem: The osculating circles of all surface curves
on F through P with tangent direction v form a sphere (cf. [5, 14]), the Meusnier
sphere ΣP0,v0 whose center is a point on nf at P0 at distance ρn = 1

κn

from P0,
see Fig. 4 (2). Therefore, the curvature radius ρc of cf at P0 is equal to

ρc = ρn cosϕ. (3)

Figure 3 illustrates the relations between the osculating circles of the normal
section and some section through a given surface tangent.

3.2 The Numeric Construction

The numerical construction of the curve consists of the following steps:
(i) Choose an initial point P0 ∈ F , a tangent unit vector v0 enclosing some angle
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P ⋆
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ϕ,
π − ϕ
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Fig. 4. (1) Approximation of the osculating circle o by the circumcircle c of close
points. (2) The Meusnier ΣP,t sphere carries the osculating circles of all surface curves
touching t at P . (3) The point P ′ closest to P on a torus surface F is the orthogonal
projection of P onto F . Any normal of F meets the axis a and the spine circle s.

α0 with the first principal curvature tangent (i.e., the tangent to the meridian
circle through P0). Note that this angle will change during the course of the
pseudo-geodesic.
(ii) Determine the surface normal nf at P0 and the curvature radius ρn(v0) of
the normal sections through v0. Then, use (3) in order to determine the radius
ρc(ϕ) of the desired pseudo-geodesic’s osculating circle o0 at P0. The plane of
the osculating circle o0 encloses the initially chosen and fixed angle ϕ with F ’s
tangent plane TP0

f .
(iii) The osculating circle o0 of the pseudo-geodesic starting at P0 in the direction
v0 is used as approximation of the pseudo-geodesic branch cf . Depending on the
local curvature (or equivalently, the size of the osculating circle), we fix a certain
step size to march twice forward and find two points P ′

1 and P ′

2 (which do, in
general, not lie on F). This yields a new point P1 on cf after projecting the point
P ′

1
on the circle onto the surface. P ′

1
is always the closest to P1. The projection

of P ′

2 on F is the point P2 and the tangent to cf at the new point P1 is parallel
to the line [P0, P2].
(iv) Then, restart at (i) with P0 = P1 and v0 equals the normalized vector
P2−P0. The course angle α0 changes and is to be determined anew, for it equals
the angle between the first principal curvature tangent (tangent to the meridian)
and the new tangent vector P2 − P0. Especially for the torus, we determine the
local coordinates (u1

i , u
2

i ) for a point Pi in order to make use of (2) and (3) and in
order to describe the curve in the parameter domain (for later approximation).

We shall not hide that the numerical construction exhibits some problems:
(1) The course angle α (between the tangent of the curve and the meridian cir-
cles’ tangents) will change. Therefore, in hyperbolic regions of the surface, the
curve tangent may eventually become an asymptotic tangent. Then, the pseudo-
geodesic has an inflection point and the approximation of the pseudo-geodesic’s
tangent by means of the chord joining neighbouring points on the osculating cir-
cle will fail. In these cases, the asymptotic tangent at P0 replaces the osculating
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circle and the step size is chosen very small compared to the step size on the last
regular osculating circle before.
(2) The curvature of the numerically integrated pseudo-geodesic curve may be-
come arbitrarily large (especially in the vicinity of singular points as may occur
on spindle and thorn tori). Then, the osculating circle becomes rather small and
the approximation of the tangents may become highly inaccurate. Thus, the step
size on the circle has to be chosen very carefully.

In the case of a torus, some of the construction steps are simplified. This
means especially the construction of surface normals and the orthogonal projec-
tion onto the surface (which works as described above). Further, for the torus,
it is rather simple to reconstruct the local coordinates (u1, u2) of a newly con-
structed point on the surface. Therefore, we do not have to approximate normal
curvatures and curvature of arbitrary surface curves by means of locally ap-
proximating paraboloids (or other auxiliary surfaces) and can use (2) and (3) in
order to find curvature radii. This increases the accuracy of the algorithm and
accelerates it.

u1

u2

Fig. 5. Some open pseudo-geodesics and the corresponding curves in the parameter
domain (bottom, right).
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4 The Questionable Cases: Open Curves

It is yet unclear whether pseudo-geodesics are open because of a special choice
of the initial conditions or numerical inaccuracies. However, since geodesics on
surfaces and especially on tori (and other surfaces of revolution) are open in the
vast majority of cases (initial conditions), we can expect that pseudo-geodesics
show the same behaviour. Figure 5 shows three examples of pseudo-geodesics
that do not close (at least in the interval under consideration). Most likely, they
will not close regardless of how long we continue the numerical integration.

While the red and the black curve in Fig. 5 are open and correspond to
periodic curves in the parameter domain, the blue curve seems to wind around
the torus after it has left the initial point in the opposite direction of the region
where it oscillates.

5 Approximation of the Curves in the Parameter Domain

The closed pseudo-geodesic curves on the torus either correspond to closed curves
in the parameter domain or to periodic curves (with period length 2π), see Fig. 6.
Open, oscillating, or meandering curves may also correspond to periodic curves
in the parameter domain (but with period length different from 2π) or seem to
converge towards some limit shape which is not necessarily an attractor as can
be seen in Fig. 5.

u1

u2

Fig. 6. Some apparently closed pseudo-geodesics (left) and the corresponding curves
in the parameter-domain (right).

Both kinds of curves can be approximated by means of Fourier series: Each
entry from the list of (u1, u2) coordinates can be interpreted as a (discrete)
coordinate function u1(t) and u2(t) of the pseudo-geodesic curve over time or the
counter of the iteration step t. As such, Fourier series can be used to approximate
these individual functions, given a sufficient amount of variable parameters. We
used the least squares optimization of the symfit library [11] to adjusts these
parameters in order to fit best-approximating curves to u1(t) and u2(t). The
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resulting curves are then combined again to get first the curves in the parameter
domain, and then, an approximation of the pseudo-geodesic curve on the surface.
Two specific examples are shown in Figure 7. Provided that the Fourier series
are expanded in sufficiently many terms, and further, that the coefficients show a
specific behavior, one may guess a simpler, eventually closed form representation
of the curves. Such a parametrization may give further insight on potential curve
patterns via the parameter values of the Fourier series.

u1

u2

u2

u1

Fig. 7. Top: Comparison of numerically determined pseudo-geodesics (hollow, thick)
with their best-approximations (thin). Bottom: Best approximation of the (u1, u2)-plot
by means of Fourier series expansion for an open (red) a closed (blue) curve. The hollow
tubes are the curves to be approximated.
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6 Conclusion and Future Work

We have observed that there do exist open and closed pseudo-geodesics and that
the two numerical approaches do produce similar results. Thus, they are most
likely of the same quality and are well suited for the numerical construction of
pseudo-geodesic curves. The numerical constructive approach is to be preferred,
since the geometric condition on the curve (constant angle ϕ) is satisfied anyhow.

As seen from the numerical results, pseudo-geodesics can be divided into the
following groups:
(a) open,
(b) closed (sometimes contractible to a point) or
(c) wrapped around the torus (topologically, some knot different from a circle),
(d) stay within a torus region bounded by two parallel circles (topologically
equivalent to a circle).

The numerical derivation of further properties, such as special shapes and
behaviour of the tangent surface of pseudo-geodesics is still to be done. However,
due to the highly accurate numerical results, these derivations are near and seem
to deliver promising results.

The numerical results and the approximations of curves in the parameter
domain needs further inspection. It is not yet clear whether we can find simple
closed form parametrizations of pseudo-geodesic curves.
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19. Wunderlich W.: Über die Torusloxodromen. Mh. Math. Phys. 56 (1952), 313–
334.


