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A rational minimal Mobius strip
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ABSTRACT: We solve Bjorlings’s problem for minimal surfaces by prescribing data for a ruled
Mobius strip and integrating a complex vector valued function. The minimal surface close to the ini-
tial data is a surface patch of the topological type of a Mdbius strip. Because of the special choice of
the initial data, the minimal surface is an algebraic surface of degree 11 and of class 15. We elaborate
some special properties of this and some related surfaces, especially the family of associated minimal
surfaces. The holomorphic functions corresponding to the Weierstra-representation of these mini-
mal surfaces are also given. Since the coordinate functions of the surface in question involves only
trigonometric and hyperbolic functions, the surface admits a rational parametrization. Moreover, one
family of parameter curves appears in a certain orthogonal projection as a family of homofocal cy-
cloidal curves of third order, whereas the other family consists of rational cubic space curves. Finally
we show a way to generalize this concept in order to obtain more complicated minimal Md&bius strips
and introduce the notion of rotoidal minimal surfaces.

Keywords: minimal surface, Bjorling’s problem, Mobius strip, Weierstra3-representation, associate
family, rational surface, algebraic surface, cycloidal curve, rational cubic, rotoidal minimal surface.

1. INTRODUCTION

A Mobius strip is a one sided surface that can
easily be built from a rectangular piece of pa-
per by gluing together one pair of opposite edges
with different orientations, see Fig.[Il Mathemat-
ically speaking, we identify the egdes x = 0 and
x =1 of the unit square by joining points accord-
ing to (0,y) ~ (1,1 —y). The fact that a Mobius

[y L=y

x=0 x=1

Figure 1: Mathematician’s idea of a Mdbius
strip: joining opposite edges of a rectangle.

strip can be created from a piece of paper makes
it clear that it is possible to create mathematical
models of developable Mobius strips. The devel-
opable model of a Mobius strip is an embedding
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with constant Gaussian curvature K = 0. An ele-
gant construction of a developable Mobius strip
is given in [@]. The result is displayed in Fig.
Wunderlich’s example is also algebraic. For

Figure 2: Wunderlich’s developable Mobius strip.

more information on developable Mobius strips
we refer to [E'] and the references therein.

In this note we give an embedding of a Mdbius
strip into Euclidean three-space R? with constant



Mean curvature H = 0, i.e., a model of a Mobius
strip which is part of a minimal surface. More-
over, the presented model is algebraic and ad-
mits even rational parametrizations. The most
famous example of an algebraic minimal sur-
face is Enneper’s surface. It admits a polyno-
mial parametrization with bivariate polynomials
of degree three, and therefore, it can be written
as a Bézier surface of bidegree (3,3). Impliciti-
zation of the polynomial parametrization shows
that Enneper’s surface is an algebraic minimal
surface of degree 9. The dual surface of En-
neper’s surface, i.e., the manifold of its tangent
planes is a surface of degree 6, and thus, En-
neper’s surface is of class 6. There exist minimal
surfaces of degree less than 9 but, unfortunately,
they are not real, see e.g. [6,/10]. Up to equiform
motions there exists only one algebraic minimal
surface of degree 12 usually referred to as Rich-
mond’s surface, see [9]. In comparison to Wun-
derlich’s developable Mdbius strip which is of
degree 39 and class 21, the degree and the class
of the minimal surface model of the Mobius strip
are relativtely low: The degree equals 11, the
class equals 22.

We construct this surface by solving
Bjorling’s problem: A surface strip or scroll
(v,v), i.e., a smooth curve y with a smooth
unit normal vector field v along 7 is prescribed.
Then, Bjorling’s formula allows us to compute
the uniquely determined minimal surface .#
that contains ¥ and has the unit normal vector
field v along 7. In our case, the curve

y = (cost,sint,0) (1)

with ¢ € [0,27[ is the Euclidean unit circle in the
plane z = 0. The unit normal vector field

t r . .t
V= (COS > COSt,cos > sint, sin 2) 2)
with ¢ € [0,27] is chosen such that the ruled
surface A (t,w) = y(t) +w- v(t) (with (t,w) €
[0,27] x R) carries a Mobius strip. The ruled sur-
face ./ meets the resulting minimal surface .#
along 7y at right angles. Slewing the unit vectors

of the vector field v about the corresponding tan-
gent of the unit circle through +90°, we obtain
two ruled surfaces .#'* which are of the same
type as .4 but tangent to the minimal surface
M , see Fig. Bl

In fact, all three ruled surfaces .4, A+ are
the algebraic ruled surface models of a Mobius
strip of lowest possible degree which equals 3.
Though they are not developable like the one pre-
sented in [[14], they have a lot of surprising prop-
erties, see [3].

Figure 3: The ruled surfaces .# and A4+
through 7y. All three could serve as initial data.

Due to the nature of the initial data (y,v),
the minimal surface .# along that scroll is alge-
braic. In Sec. 2] we shall derive a trigonometric
parametrization as well as a rational parametriza-
tion of the minimal surface .#. From that we
compute an implicit equation of the minimal
Mbobius strip.  Sec. [3] is dedicated to special
curves on the surface and its behaviour at inifin-
ity. Since we are dealing with an algebraic min-
imal surface, we are able to study its behaviour
at infinity. The rational parametrization of the
minimal surface .# simplifies the computation
of .#'s contour curves with respect to the three
principal projection. Then, in Sec. 4 we de-
rive the generating holomorphic functions, i.e.,
the Weierstra3representation of .#. Afterwards,

! The three principal projections create the top, front,
and (right-)side view. These are the orthogonal projec-
tions onto three mutually orthogonal planes, or equiva-
lently, projections in three mutually orthogonal directions.
We obtain the top, front, and side view by simply remov-
ing the z-, x-, or y-coordinate.



we pay attention to the family of associate min-
imal surfaces and the behaviour of the surfaces
when traversing the associate family in Sec. [3
Finally, in Sec. [6] we show a possible way to
create MoObius type minimal surfaces with more
windings and introduce the notion of rotoidal
minimal surfaces.

2. PARAMETRIZATION

MAL MOBIUS STRIP
A smooth curve y: I C R — R? and a smooth
unit vector field v : I — R3 determine a scroll
(7,Vv) as the envelope of the one-parameter fam-
ily of planes (x —y(¢),v(t)) = 0 where (-,-) =0
is the canonical scalar product of vectors in R3.
In our special case, y as well as v are smooth.
However, the computation would also work with
C! curves and C! vector fields.

According to Bjorling (cf. [6]), a parametriza-
tion of the minimal surface .# through the scroll
(7,V), i.e. a minimal surface .# through y with
normals v along ¥ can be found by computing

OF THE MINI-

Fuy) = e (ym ~i [ (o) x dy<e>) 3

0

where x denotes the crossproduct in R? induced
by the canonical scalar product and dy(6) =
7(0)d6. Subsequent to the integration, the pa-
rameter ¢ is considered to be complex, i.e., t =
u—+iv. Then, the real part e of the complex
vector function is to be extracted. If we insert ¥
from () and v from @) into (3]), we obtain

. 1.
Co +1C; — 31C3;
. 1.
Sor + 18 — 3183 | 4)
—2iSt

f(t) =

provided that 7o in (@) is chosen properly and ¢
is replaced with 27. The factor 2 causes just a
regular change of parameters on .#. Here and
in the following, we use the abbreviations

Cy :=COSX, Sy :=sinx, C,:=coshx, Sy :=sinhx

for trigonometric and hyperbolic functions.

Figure 4: The minimal surface .# according to
the parametrization (3) with initial data y and v.

We let t = u+iv, extract the real part, and use
double- and triple-angle formulas for trigono-
metric and hyperbolic functions which yields

I
SuSy + ¢2uCoy — 3834S3y

—CuSy +52,Coy + %C3us3v ®)
2¢,S,

f(uvv>:

with (u,v) € R? which is displayed in Fig. Fl
This allows us to state

Theorem 2.1. In a sufficiently close neighbour-
hood of the circle y from ({1l), the minimal sur-
face M parametrized by () is a Mobius strip if
(u,v) € [0,[x[—€,€] and € € RT.

In the above theorem, we emphasized that
M 1is topologically equivalent to a Mobius strip
only in a sufficiently small neighbourhood of
Y = f(u,0), because for increasing v the surface
may have self-intersections as is the case with
many algebraic minimal surfaces.

Moreover, we can state

Theorem 2.2. The minimal surface 4 given by
@) admits a rational parametrization and has a
polynomial equation. The minimal surface # is
algebraic, of degree 11, and class 15.

Proof. In order to prove that .# admits a ratio-
nal parametrization, we simply use the Weier-



strass substitution for trigonometric and hyper-
bolic functions:

1-U? 2U 1+V?2 2V
Cu= Su= ,Cy= Sy = .

14U? 1+U? 1-V?2 1-V?2
Note that from the rational parametrization one
would expect the surface to be of degree 12.

Now, we show that .# has a polynomial equa-

tion. This is easily done with help of a CAS
(Maple, Mathematica, ...) by eliminating the
parameters U and V. This yields the implicit
equation

A 16(x+y?) 2 =T2( +y?) (y—2)2°
27(x2+y?) (5y*—572+2yz)2>—90yz*
~66y7°—24(yz+x)z'—243x* (x> +y%)73
—36xyz*4+-18(4y>—3x)2°4+9(2+1)273
+324x(x% +y?) 22-81y? (¥ +y?)—27y*z
+9(2x+7y*—12x%) 2> + 108y (x> +y?)z?
+27(2x—6)xyz2+108xy%z
+54(1-x*>—?)y* =0

(6)

which is of degree 11. The class of the minimal
Mobius strip is found by implicitizing the dual
surface. This yields a polynomial of degree 15 in
terms of the coordinates of the surfaces tangent
planes, see also [, vol. 1, p. 315]. O

Figure 3] shows an image of the minimal sur-
face .# created from the implicit equation (6)).

3. SOME PROPERTIES OF THE MINIMAL

MOBIUS STRIP
Due to the construction of .#, it carries the cir-
cle y: x*4y? =1 in the plane z = 0. Since we
have got an implicit equation of .#, we are able
to study the behaviour of .Z with respect to the
coordinate planes and at inifinity by stating

Theorem 3.1. The minimal surface M
parametrized by Q) (or equivalently given by
the implicit equation (6)) meets the plane at
infinity along a pair of complex conjugate lines
and at the common line at infinity of all planes
z=c (with ¢ € R). The latter line is nine-fold.

Figure 5: A cuboid part of the minimal surface
 with initial data y and v.

The x-axis of the underlying Cartesian coordi-
nate system is a three-fold line on M .

Proof. The first part of the statement is verified
by homogenizing .#’s equation. Therefore, we
setx:XlX(;l,y :X2X(;1, Z:X3X(;l in (6) and
multiply by XJ!. Then, we substitute Xo = 0
which gives an implicit and homogeneous equa-
tion (up to a non-zero constant factor)

w X3 (X7 +X3) =0 (7

of the set u of ideal points of .#. The factor
X39 = 0 gives the equation of the ideal line of all
planes z = ¢; the multiplicity equals 9.

In order to verify the second part of the state-
ment, we compute the intersection of .# with all
planes of the pencil about the x-axis. Their equa-
tions are py — gz = 0 with (p,q) # (0,0). Elim-
inating either z or y results in a polynomial of
degree 11 where either the factor y® or the factor



2° splits off independent of the choice of (p,q) €
R2\ {(0,0)}. Thus, {(x,y,2)|py—qz =y =0} =
{(x,32)lpy—gz=2=0} ={(1,0,0)]f e R} isa
three-fold line on ./ .

On the other hand we can easily verify that
grad.Z (¢,0,0) = (0,0,0) for all # € R, and thus,
the points (7,0,0) with r € R are singular on
A and at least of multiplicity 2. Further, the
Hessian H(.#)(z,0,0) equals the zero matrix in
R3*3 for all r € R. Only the tensor of the third

3
"4 _(1,0,0) does not van-
X,),2)

ish completely for all 1 € R, although it is not
of full rank in any slice. Thus, the points on the
x-axis are at least of multiplicity 3. U

partial derivatives 5

AN/
d(xy.2)’°
only for t = 1. Thus, the point (1,0,0) can be

suspected to be a point of multiplicity higher
than 3. It turns out that the point (1,0,0) is the
only point of multiplicity 4 on the x-axis since all
derivatives of .# up to order three vanish there,

but, for example, %(1, 0,0) =648 #0.

The fact that the ideal curve u with equation
(@) degenerates completely, i.e., it consists only
of lines, fits to an old result given in [5]: The
asymptotic cone of an algebraic minimal surface
degenerates completely, i.e., it is a collection of
finitely many planes.

A closer look at the parametrization (3)) of .#Z

tells us the following

The tensor

(¢,0,0) is the zero-tensor

Theorem 3.2. The top view (orthogonal projec-
tion in the direction of the z-axis) of the u-curves
(curves on .# with v = const.) are higher cy-
cloids, in general of third order.

Proof. From the Cartesian coordinates x, y in the
top view, we build complex numbers by letting
w = x+1iy. This gives

w = 8,S, +¢2,Cp, — %S3us3v+
+i(_cusv +82,Coy + %C3us3v>-

We aim at a more compact notation. For that
purpose, we apply Euler’s formula e/® = cos ¢ +

isin ¢ three times and arrive at

. g )
w = —iS,e™ 4 Cp e + §S3ve3’”.

Note that v is constant. Figure [6] shows the top
view of the parameter curves v = const. Now, we

Figure 6: The u-curves on .# appear as cy-
cloidal curves in a top view.

compare with [13, Eq. (6), p. 280] and find that
the characteristic of one (out of six possible) gen-
eration(s) equals

W m:o3=1:2:3

which gives the ratio of angular velocities of
three superponed rotations. These curves can be
obtained as the orbits of endpoints of a three-bar
mechanism (with open end), see Figure [7l The
lenghts of the legs are

ApA1 =a; =S,, A1Ay =ay =Cy,,
A2A3 = a3z = %53‘,.

According to [[13], this motion can also be gen-
erated by rolling circles. As shown in Figure [7]
there is a fixed circle ¢ (center Ag, radius rg) and
a circle ¢ (center Ay, radius r%) rolling on it. At-
tached to the circle ¢} there is a concentric circle



Figure 7: The top views of .#’s parameter
curves generated either with rolling circles or by
an open three-legged kinematic chain.

c1 (center Ay, radius ;) on which a further cir-
cle ¢ (center A, radius r4) is rolling, taking the
point A3 with it. Following [13, Eq. (6), p. 280],
the radii are

_C
2,

These curves are algebraic for w; : @, : @3 is ra-
tional. The algebraic degree equals 6, except for
the curve ¥ which corresponds to v = 0. It is of
degree two. L

The u-curves (v = const. are closed for any
v € R since the third coordinate function equals
z = 2¢,S,. Thus, the u-curves can be seen as
generalized harmonic oscillation curves in the
sense of [8]. Figure [8] shows one particular u-
curve with its three principal views The front and
side view of the u-curves on .# can be viewed
as generalized Lissajou-curves, cf. the respective
parametrizations (3).

Further, we can say:

Theorem 3.3. The v-curves (curves on 4 with
u = const.) are rational cubic space curves. The

Figure 8: Principal views of a u-curve ¢ # 7.

top views of the v-curves are rational cubic
curves with their singularities on a nephroid n.

Proof. Again, we consider the x- and y-
coordinate of (3) as the parametrization of
curves g in the plane z = 0, see Fig. Ol Under
the assumption u# = const., all the trigonometric
expressions in this parametrization are constant
and only subject to c24s2 = 1 for all a € C.
The hyperbolic functions C,,, and S3, can be ex-
pressed in S, only. Therefore, we have

Cou Su=—S3u\, 4,3 —S3u
t)=(142¢2 +1 +3t 8
g( ) ( )(S2u) (C3u_cu) 3 < C3u) ®)
with ¢ € R and the regular reparametrization t =

Sy. If u € R, @) is a one-parameter family of
cubic Bézier curves with the control points

Cou 1 [ Su—S3u
B = R B :B —|— = R
0 (SZM) : 03 (C3u_cu)

3s, —753u)

B,=2B,—1B), B3=3Bo+ 3 <7C3 _3e
u u

The v-curves on .# are rational cubic space
curves, since the third coordinate function can
be written as

z(t) =2c,t. )

The locus of singular points of the curves (8) is

1 (cey+3co,+2



which is an algebraic curve of degree 6 known
as nephroid, see [@, |E|] which is also a cycloid
since (IQ) can be rewritten in terms of complex
coordinates as
: 1 1 2it 1 6it

w=Xx-+1y= 3—1—2e —|—6e .
The latter representation allows us to give a kine-
matic generation of this curve as done in the
proof of Thm. see also [@, @].

The singular points of the cubic curves (8)) are
isolated double points, provided that u # 0, 7.
The v-curves at u = 0, © have ordinary cusps lo-
cated on n. U

The representation (8)) of the v-lines together
with the z-coordinate (@) gives rise to a simpler
rational parametrization than the one given in the
proof of Thm. Firstly, we express all hyper-
bolic functions in (3)) in terms of S, and use the
regular reparametrization ¢ = S,. Then, we ex-
press Cay, Sou, C3us S3y in terms of ¢, s, and re-
place the latter by their rational equivalents.

Figure 9: Some v-lines on .# together with the
nephroid n carrying the cubics’ singular points.

The fact that the v-lines (8) and () are (ra-
tional) cubic space curves enables us to find the

contour lines of .# with respect to the three prin-
cipal projections. We have
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Figure 10: The contours of .# as the envelopes
of the cubic v-lines: top view (above), front view
(middle), side view (bottom).



Theorem 3.4. The contour lines uy, uy, uz of the
top, front, and side view of M are:

(1) an algebraic curve of degree 12 and genus 1;
(2) the union of a straight line and a rational
curve of degree 9;

(3) the union of a straight line and a rational
curve of degree 12.

Proof. We use @) and (9). In order to compute
the contours of .# with respect to the three prin-
cipal views. For a fixed u (or U = tan 5), any pair
of coordinate functions gives a parametrization
of a planar cubic curve (which may degenerate
for certain but finitely many values of ). This
planar cubic curve is the projection of the cubic
space curve on ./ .

However, eliminating ¢ delivers an equation
q(U) =0 of a planar cubic curve whose equation
has coeffcients that are polynomials in U. (Like
in many cases, the rational parametrization of
/ again turns out to be favorable.) The contour
curve of .# with respect to that particular pro-
jection is the envelope of the images g(U) =0
of the cubic curves. In order to compute this
envelope, we differentiate the cubics’ equations
q(U) = 0 with respect to the parameter U. Then,
we eliminate U from ¢(U) = 0 and %q(U) =0
and find the equation of the envelope, i.e., the
contour curve.

In any of the three cases, the elimination pro-
cess results in an algebraic equation with many
factors. Only a small number of factors really
contributes to the contour.

Table [Tl collects all components of the final re-
sultants in the computation of the contour curves
with respect to the three principal projections.
There, d gives the degree of the component and
m its multiplicity. Parasitic branches are labelled
with p. Further abbreviations are explained in
the caption of Table[Il O

The contours of .# with respect to the three
principal views are displayed in Fig. Para-
sitic branches are shown in blue only if they do
not consist exclusively of isolated real points.

| top view |

d 1] 21316 6|12
m 121 9112 41 2
shape | p| i|plc|np|wm

| front view |
d 1123 6| 9
m 611 21 2
shape wlilp c| u

| right-side view |
d 1122 612
m 121111 21 2
shape uz | c|p c|us

Table 1: The components of the contour curves:
p indicates a parasitic branch, c¢ indicates a curve
with real equation and only finitely many real
points which are then isolated and singular, i
stands for a pair of isotropic lines, u; are the real
components of the i contour curve, and n is the
nephroid mentioned in Thm. 3.3

4. AN ALTERNATIVE GENERATION

We have found a parametrization of .# while
solving the Bjorling problem. It is well known,
see for example [6] that for each minimal surface
a parametrization can be found via

o3

with meromorphic functions A and B. This rep-
resentation of minimal surfaces is due to Weier-
stra. The meromorphic functions A and B can
found by first computing

A2 - B?
i(A2+B%) |dz
2AB

(11

F=0,f—iof.
Then, from F = (F',F2, F?) we obtain
A=F'—iF? B=FA"",

provided that A # 0. This will not be the case
here and so it needs no further discussion. The



parametrization of the minimal Mébius strip (3))
leads to

A=F'"—iF?=cosw—isinw
—2icos2w — 2sin2w — cos 3w + isin 3w,

and
F3 = —2icosw

provided that w = u 4 iv. In terms of the natural
exponential function we have

_i(eiw+e—iw)

i TP
A=e " 2ie” M- B= I

The change of parameters t = e~ shows that A
and B can be replaced with rational functions:

A'=—1(t+i)*, B = ;ﬁ

t2(t +1)
Unfortunately, the functions A’ and B’ to-
gether with (IT)) will not reproduce the rational
parametrization mentioned in the proof of Thm.
2.2] but an equivalent one.

5. THE ASSOCIATE FAMILY

Each minimal surface defines a smooth one-
parameter family of associated minimal sur-
faces, see [6]. Here, we obtain a parametrization
of this family by modifying () to

) t
f*(*c):i)‘{e<e”<c(t)—i/v(9)xdy(@))) (12)
To
where each 7 € [0,27] corresponds to a minimal
surface of the family. With e/® = cosT +isint
and f = PRe(P) we find

F5(1)=Re(e’" (Me P(7)+H Imd(1)))=

13
=cos T-RedD(7)—sinT - ImD(71) (13)

with f from (4). The parametrization Jmf is the
imaginary part of f from (3) after the substitu-
tion # = 2(u +iv). Note that the surface ./ (%)
parametrized by Jmf = f*(7) isitself a minimal
surface. We have

Lemma 5.1. The minimal surface /(%) with
the parametrization Jmf = f*(%) is an alge-
braic minimal surface of degree 22.

Figure 11: The minimal surface .# (7).

Figure [L1] shows an axonometric view of
M (%). However, .# (%) is not of the topologi-
cal type of a Mobius strip. The parametrizations
of the minimal surfaces in the present associate
family are linear combinations of Re® and JmP
as we know from (13).

With Lem.[5.Tland Thm.[2.2lwe can formulate

Theorem 5.1. The minimal surfaces associated
to M are algebraic minimal surfaces admitting
rational parametrizations. The algebraic degree
of the minimal surfaces in the associate family
equals 22, except for #(0) = M.

Proof. A rational parametrization of the sur-
faces in the associate family is obtained by sub-
stituting the rational expressions for the trigono-
metric and the hyperbolic functions as given in
the proof of Thm. The algebraic degree can
be found by implicitizing the parametrization
f*(7) after the rational substitution like done in
the proof of Thm. It is also advantageous to
substitute

COST = LTZ sinT = 2T
14+7% 14+7%
For the implicitization it is recommended to use
a CAS. O



Figure [12] shows a sequence of minimal sur-
faces in the associate family.

Figure 12: Slightly more than a half turn in the
family of associated minimal surfaces: T = %
withk € {0,...,11}.

Finally, we can give the generating functions
A and B in the WeierstraB-representation (1)) of
the minimal surfaces in the associate family. The
computation does not differ from that shown in
Sec. [ and we arrive at

A(t)=¢""A, B(t)=B.

Rational equivalents can be found by substitut-
ing e " =t and simultaneously replacing cos T
and sin T by their rational equivalents.

6. REMARKS AND GENERALIZATIONS
We started with the unit normal vector field v
given in () assuming that v(0) is pointing in the
direction of the x-axis. Changing v from (@) to

v(t,¢)= (C%+¢ CriCrig Stas%+¢> (14)
with ¢ €]0,7[ does not produce substantially
new minimal surfaces. Though these surfaces
are still of the topological type of a Mobius

10

strip, admit rational parametrizations, and are al-
gebraic, they are only rotated copies of .Z from
@) or (). The axis of the rotation transform-
ing the minimal surface with unit normal vector
field @) into the minimal surface with unit nor-
mal vector field (I4)) is the z-axis. The angle of
rotation equals ¢.

A wide class of minimal surfaces containing
rational (and thus algebraic) minimal surfaces of
Mobius type can be generated with the choice

v(t) = (cosqtcostcosgtsint,singt)  (15)

with g € R\ {—1, 1} instead of v from (2)). These
minimal surfaces can be called rotoidal minimal
surfaces, since they, somehow, behave like sur-
faces generated by two uniform and proportional
rotations about skew axes, cf. [EL ].

Like in Sec.[2l we can compute a parametriza-
tion by inserting ¥ from (1)) and the unit normal
vector field v from (13)) into (@) and obtain

c,.C,
f= suCy +
1
~CauS
¢ Cqudqv (16)
S “S(g+)u S S$(g—1)u
+1)v —Dv
+2(2+1) Clg+1)u _2(2—1) Clg—1)u
0 0
The parametrization (I6) delivers the

parametrization () with ¢ = 1

ingu — 2u and v — 2v.

The rotoidal minimal surfaces are closed, ra-
tional (and algebraic) if ¢ € Q\ {—1,1}. Ro-
toidal minimal surfaces of Mobius type can espe-
cially be found by choosing g = %r with an odd
integer r. Figure [[3] shows the rotoidal Mbius
type minimal surface with ¢ = %

The rotoidal minimal surfaces that correspond
to g = 1 are not algebraic. This is caused by
the fact that the antiderivatives of sin’¢ or cos??
are not purely trigonometric functions.

The degree of the algebraic rotoidal minimal
surfaces grows rapidly: If g = 2, the correspond-
ing rotoidal minimal surface is of degree 26.

after chang-



Figure 13: A closed and rational rotoidal mini-
mal Mobius strip with g = %

In analogy to Sec. 4. we compute the gener-
ating meromorphic functions A and B for the
Weierstral3-representation of the rotoidal mini-
mal surfaces. First, we insert (I) and (I13) into
(3). From the resulting real parametrization, we
create the vector function (F',F? F3) = % f-

i%f. Finally, we find A = F! —iF? and B =
F3 /A (provided that A # 0) and arrive at

A= —je iz + %ei(q—l)z _ %e—i(q—i-l)z,

1. (eiqz + e—iqZ)

F?=

which can also be written in terms of algebraic
functions if g € Q\ {—1, 1} by substituting t =
e . If g = & with gcd(m,n) = 1, we obtain
rational functions with ¢ — 1.

We can summarize our results in

Theorem 6.1. The rotoidal minimal surfaces
through the scroll (7y,v) with v from (1)) and v
given in (I3) can be parametrized by (16). The
rotoidal minimal surfaces (16) are closed, admit
rational parametrizations, and are algebraic if,
and only if, g € Q\ {—1,1}.

The top views of the u-curves (curves with
v = const.) are cycloidal curves whose order is
at most three. (The algebraic order of these
curves is at most 6.) The v-curves (curves with
u = const.) are rational cubic space curves, and
thus, all linear images of the v-curves are ratio-
nal cubic plane curves, provided that the center
of the projection is not located on such a curve.
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Proof. Since the parametrization (I6)) is already
found, the existence of rational parametrizations
with the techniques from the proof of Thm. [2.2]
provided that ¢ € Q\ {—1,1}. If ¢ = 2 with
gcd(m,n) = 1, we have to change the parameters
according to

u = uﬁ, V= vE

m m

before we replace the trigonometric and hyper-
bolic functions with the equivalent rational ex-
pressions.

Once a rational parametrization is found, an
implicit equation can be computed for given g €
Q \ {_ 17 1}‘

The study of special curves on the rotoidal
minimal surfaces is simple and works in the
same way as demonstrated in the proof of Thm.
and Thm. 3.3l For example: Building the
complex number w = x + iy with x and y being
the first and second coordinate function of (L6),
we find the top views of the u-curves as

iS(H"I)V (1+q)iu_is(1—‘1)v (l—q)iu.
2(1+4) 2(1-q)

With [13, Eq. (6), p. 280], we find

w=C,e+

S(i—qyv
2(1-q)

S(1+q)v
2(1+gq)’

ar=GC,, ap= az =

and
O ;y=1:14qg:1—¢q

which determine the radii of the polhodes. [

The ratio w; : @, : @ of angular velocities for
q= % agrees with that given in the proof of Thm.
only up to permutations. However, cycloids
of order three allow 3! = 6 different generations.
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