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overview

rational Bézier curves of degree 3, 4, 5 and their singularities
the (im)proper choice of control points What do we have to expect?
Bézier curves projection of Normal Curves
singularities results of special choices
of the center of projection
explains some cases, but . ..
examples special control structures & singularities



(im)proper choice of control points

naive approach (with a quintic Bézier curve):
closed control polygon: By = Bsg
tangents at endpoint(s) coincide:
By, Bx, By, By collinear
unit interval — closed oval curve segment
even strictly convex
clear: tangent continuity at the join By = Bj
due to symmetry: curvature continuity at the join
— By Is a tacnode with two osculating branches.



motivation

Bézier curves are so “nice” (rational parametrizations,
linear construction of points, interpolation properties,
... ) because they are not globally smooth!

De Casteljau’s algorithm also applies outside [0, 1].

construction —>

C" exhibits the ‘'maximum number’ of singularities.

more precise: >-0(5)) = %(n —1)(n—2),...5;
/

Where are the singularities?



more or less obvious examples

B, B, B> B1 Bj
Boi/ \153 A
/N
@ O O
Bo B3 Bo= B3

nothing spectacular singularity in the inte- bad choice: bad choice:
In the unit interval rior of the unit inter- By = Bs, By = Bj,
(ordinary node) val (cusp, 1t kind)  (ordinary node) (cusp, 1° kind)
happens in any case  sometimes obvious obvious

The singularities on (Bézier) curves of degree > 4 can be more spectacular.



characterizing singularities

1 ordinary double point (with 6 = 1)

1 compound double point (self-super-osculation with § = 5)
2,1,2] e, X6(S)=1+5=6=2(5-1)(5-2)

(maximum for a quintic)

-0.30 O1.3

0 ...number of infinitely close ordinary double points
[, 0, B] .. .invariants of a singularity w.r.t. PGL(C, 2)
W ... multiplcity
0 ...delta invariant
B ...branching number




0 = number of ordinary double points concentrated

1 (linear) branches meet in
Su(u—1) ord. double pts. (§ = 1)
—> ‘tighten the knot’' =

5 > Su(n—1)

[2.2,2] 2,11] compound double points on
+1,2] quartics obtained by

1, 5
/ \ [2.1,2] 2.21]  merging singularities

The limit procedures towards
certain compound singularities
are not unique.




classification of Bézier curves - Pliicker formulae ...

m=n(n—1) —2d — 3s, w =3n(n—2)—6d—8s

are used to rule out impossible cases. Usual form not sufficient. There are singularities
more complicated than d and s (node and cusp).

Therefore: m=n(n—1)— > 71,(S;) > 1+V21+4”, w=3n(n—2)—>6,S5;) >0

n=degC, m=deg(C” (class), d (number of ordinary nodes, A1, [2,1,2]), s (number
of ordinary cusps, As, [2,1,1]), T, 8 weights for the singularities

singularity | 7 6 | singularity | 7 60 | singularity | 7 8 || sinqularity | T
4,6,1] | 15 42 3,5,1] | 12 34 3,3,2] | 7 20 2,4,2] | 8
4,6,2] | 14 40 3,5,2] | 11 32 3,3,3] | 6 18 2,3,1] | 7 21
4,6,3] | 13 38 3,5,3] | 10 30 2,6,1] | 13 39 2,3,2] | 6 18
4,6,4] | 12 36 3,4,1] | 10 29 2,6,2| | 12 36 2,2,1] | 5 15
3,6,1] | 14 43 3,4,2] | 9 26 2,51} | 11 33 2,2,2] | 4 12
3,6,2] | 13 40 3,4,3] | 8 25 2,5,2] 1 10 30
3,6,3] | 12 37 3,3,1] | 8 22 2,4,1 9 27



classification of genus O cubics, quartics, quintics by means of singularities

degree  max Omax = 9max DBmax F Cases (C)

3 2 1 2 2
4 3 3 3 13
5 4 6 4 118
bounds for ¢: %u(u —1)<6< %(n —1)(n—2)
rationality / genus = 0: >20(S5)) = %(n —1)(n—-2)
branching number: G <
multiplicity: < n—1,sum of any two < n
cardinal further class &,
singularity singularities 7 flexes
lw. 6,01 #d  #Fs | #m  #Hw
3,3, 1] 0 0 0 3 -1
2,2, 1] 2,2,1] 0 2 4 -1
2,2, 1] 0 0 4 3 2
[2,1,1] 0 1 4 3 -1
2,1, 1] 0 0 5 2 -3




some examples |

polynomial quintic Bézier curves with quadruple points / § = 6

Bo=B1=B,=Bs
—
Bo = cusp (t*, t°)

Bo= Bj: double point could be expected,
but not the quadruple point

Bo=B1 = Bs: triple point could bgsexpected, but
not the quadruple point & number of branches

quadruple point on the segment
between By and Bs
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Bézier curves — projections of Normal Curves N”

NT = (1,t,t2, ..., t") C P" ... rational
normal curve of degree n, [N"] = P"
projection 7 : P — P2

P c R3*M1  coordinate matrix of 7

P - N" ... homogeneous parametrization

of a Bézier curve v
kerP ...center of

The choice of the center is responsible for the only relevant cases in P3:
singularities on the image (Bézier curve). fibre = secant fibre = tangent
2,1, 2] [2,1,1]

ordinary double point  cusp of the 15t kind
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Normal Curves

Normal Curve N C P"
NT:PLPP (1, 1) (1, ¢, t%, ..., t"), t € RU{oc}
N] = P"
Py # Py, Py, P € N™: tangents ty, t1
osculating subspaces Oé‘, Of are maximally independent:
P3: tgNt; =10
P O% N O% = single point
P> Og N O% =0, OS N O% — straight line
nodd: P € N — O"1(P) = (regular) null polarity
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projections: compound double points on quartics

projection Tr : P4 s p2 center .. .straight line Z

[2,2,1] <L/
~

2,3,1]e
AW

fibres ... planes

Z tangent to N3 = contact point
mapped to a [2, 1, 1]
Z secant of N3 = intersection points

mapped to a [2, 1, 2]

Fibre can contain up to 3 distinct points
of N3. = Triple points can occur first on
quartics.

(That's clear from the algebraic point of

[2,3;2]

e S view.)

T they only look like
handle points
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centers of the projection 7 ;: P% — P2 (straight line) and the corresponding singularities

eventually: projective displacement in the image space (Verlagerungskollineation)

singularity center of the projection

3,31, 3.3,2], [3.3,3] (61766) (6166%) (696%0
2,3,1], [2,3,2) (69000) (65020)

2.2, +211/+21.2 [ (33898). (395 F0)
222+ 211 /+ 212 | (33398). (325%0)

3% [2,1,1] 35015)

2x [2,1,1]+1x[2,1,2] 57505-2)
1x[2,1,1]+2x[2,1,2] 05709

3x[2,1,2] igggg in any case: f € R
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projections from P*: some examples

Fo, P, ..., Py basis of the osculating k frame OK at Po
center center
center p center

(07575

PQ\
P; [P0, PP =035 \P

center Z C O% Z N [Po, Pl] £ () Z C [PO, Ps, P4] Z C [Po, P1, P3]
13,3, 1] [3,3,2] [3,3,3] [2,3, 1]
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projections from P°

projection  : P° — P2

|
[ |

\

[2,5,2] o

center ...plane Z
fibres . ..3-spaces

Fibre can contain up to 4 distinct points of
N°. = Quadruple points can occur first
on quintics.

(That's clear from the algebraic point of
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projections from P°: simple example

2-dimensional center =

transversal of 3 tangents t; at P;

Image curve equipped with 3 cusps at P/-’
(images of P;), since

tangents t; are contained in the fibres of F;

The images of N°=(1,¢t,. .., t2) in the
2-dimensional faces of the canonical frame
are Bézier curves exhibiting one of the following

singularities:
2,1,1], [2,2,1], [3.3,1], [3,4,1], [4,6,1].
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What did we learn from this?

oA W o=

It Is possible to choose control points such that singularities of any type occur.
Nevertheless, singularities are present in any case.

Some singularities occur in the interior of the convex hull of the control polygon.
Unexpected and unwanted singularities may show up on the standard segment.

Projections of Normal curves may explain some singularities but not all.
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Thank You for Your Attention!
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