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Geodesics

A geodesic (curve) g on a surface S is a curve

whose principal normals coincide with the sur-

face normals of S at each point P ∈ g ⊂ S.

=⇒ det(ng, ġ, g̈) = 0

Locally, g is the shortest curve between to diffe-

rent points (on S), provided sufficient proximity

of endpoints.

In terms of local coordinates, the geodesics on

S with metric ds2 = gi jdu
iduj are solutions of

the second order differential equations

c̈k + Γki j ċ
i ċ j = 0, i , j, k ∈ {1, 2}.

These equations turn out to be helpful only in connection with elliptic coordinates!
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Geodesics on quadrics - general results

The principal sections are geodesics. [1,2,5]

Sphere: All great circles are geodesic, and vice versa.

Cylinders, cones, ruled quadrics: rulings are geodesic.

Asymptotic behavior: Geodesics converge to rulings or

principal sections. [2,5]

If an umbilic of a quadric lies on a geodesic, then so does

the opposite umbilic. [8]

In general: Parametrizations of geodesics involve elliptic

integrals of the third kind. [1,2,3,6,11]
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Geodesics on quadrics - general results

A generic (non-algebraic) geodesic g on a

quadric Q oscillates between a pair (c1, c2)

of symmetric lines of curvature.

The geodesic g makes infinitely many

rounds, and enevlopes the lines c1 and c2
of curvature. The curve g fills the strip bet-

ween c1 and c2. [5,7]

Geodesics on an ellipsoid (of revolution)

can be transpolar, circumpolar, . . . . . . and

look completely different on prolate and ob-

late ellipsoids.
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Elliptic coordinates

Elliptic coordinates allow a simplification of

the differential equations of geodesics.

e.g. metric of the ellipsoid:

ds2 =
u − v
4

(

vdu2

(a2 − u)(b2 − u)(c2 − u) −
udv2

(a2 − v)(b2 − v)(c2 − v)

)

has a diagonal coefficient matrix.

coordinate lines = lines of curvature

=⇒ Family of confocal quadrics enters the

scene.

Tangents of geodesics (on a quadric) touch

one of the confocal quadrics. [4,6]
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How to find algebraic geodesics?

following Perelomov [9,10]

hyperbolic paraboloid P : x
2

a −
y2

b = 2z

in terms of elliptic coordinates

x2 = − a
a+b(u + a)(v + a), y

2 = − b
a+b(u − b)(v − b),

z = −12(u + v + a − b)

Euler-Lagrange equations of
∫

ds → min simplify to

∫ √

u

(u + a)(u − b)(u + c)du =
∫ √

v

(v + a)(v − b)(v + c)dv

with an integration constant c ∈ R
unfortunately: left- and right-hand side are

elliptic integrals of the third kind
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How to find algebraic geodesics?

following Y.N. Fedorov [3], A.M. Perelomov [9,10]

The geodesics obtained in this way are algebraic only if r = pq =
√

1 + ba is rational.

That is a condition on the quadric!

With r ∈ Q, the integrals simplify to
∫

1

a + u

√

u

u − bdu =
∫

1

v + a

√

v

v − bdv

and (with a further constant of integration d ∈ R) evaluates to

2ic
√

b(a−c)

(

E

(

√

(a−c)u
√

a(u+c)
,

√

a(b+c)
√

b(a−c)

)

−Π

(

√

(a−c)u
√

a(u+c)
,
a

a−c ,
√

a(b+c)
√

b(a−c)

))

= . . . in general not algebraic!

√

1 + ba ∈ Q =⇒ Both sides can be expressed in terms of logarithms only.

=⇒ yields an implicit algebraic equation in u and v .
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How to find algebraic geodesics?

Subsequently changing from elliptic coordinates (u, v) to Cartesian coordinates (x, y)

yields

Z : (1− x)p(1− y)p(r + x)q(r + y)q − d(1 + x)p(1 + y)p(r − x)q(r − y)q = 0

Z is a cylinder erected over a planar curve in the [x, y ]-plane.

At the same time: Z is an algebraic curve in the parameter plane.

With p, q ∈ Z (and hence r = pq ∈ Q), Z is algebraic.

=⇒ The geodesics Z ∩ P are algebraic.

This also works for an elliptic paraboloid.
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The only cubic geodesic on a hyperbolic paraboloid?

With a = 1, b = 3, and d = 1 we have r = p = 2

and q = 1.

=⇒ P : x2 − y
2

3 = 2z and Z becomes the union

of two quadratic cylinders:

Z : x(x ±
1√
3
y) =

1

2
.

The geodesic(s) is (are) the cubic hyperbolic para-

bola(e)

g(t) =
1

2t2
(t3,∓

√
3t(t2 − 2), t2 − 1).

Appearantly the only cubic geodesics on hyperbolic

paraboloids.
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Geodesics - Perelomov’s examples 1

ignota nativitas - aenigma sui temporis

ellipsoid E : b1x2 + b2y2 + b3z2 = 1 with geodesic

g(t) =
1

a − sin2 t
(

cx(b0 − sin2 t), cy sin t cos t, cz cos t
)

where a ∈ R \ {−1, 0, 12, 2} can be chosen freely, but

b0 =
a−2
2a−1, b1 = 4(a

2 − a + 1), b2 = (2a − 1)2, b3 = (a − 2)2,

cx =
(a−1)
√
b2

(a+1)
√
b1
, cy =

√
ab1b3

(a+1)
√
b2
, cz =

√
b1b2

(a+1)
√
b3
.

Definitely not found with the cylinder(s) mentioned before.

Where does it come from?

g(t) parametrizes a quartic of the first kind, rational, with

double point.

There exists a one-parameter family of algebraic geodesics

that determine the surfaces on which they are geodesic! ∆
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Geodesics - Perelomov’s examples 2

ignota nativitas - aenigma sui temporis

There exist geodesic quartics

of the first kind, especially on

oval quadrics.

There exist geodesic quartics

of the second kind, only on ru-

led quadrics.

Where do they come from?
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open problems & questions

Fedorov −→ Perelomov?

Is there a systematic approach to low degee geodesics on quadrics?

correction of the wrong examples in [9, 10]

sparse known results, examples by chance? [3, 7]
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Thank You For Your Attention!
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