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spherical trochoids - generation

spherical trochoid motion is one of the following:
e rolling of a circle k on a circle kg (both in a sphere ¥)

e rolling of two concentric (not coaxial) cones
of revolution

e rolling of a sphere on two coaxial circles

[0, [ ...axodes
=1[ Nlg ...instantaneous axis
e ...equator of X2, henceforth considered horizontal
Z ...z-axis, lead direction,
direction of top-view projection

This holds true for all spheres concentric with >_.



spherical trochoids - special cases

Special choices of the semi-apertures wg / wy of the polhodes 'y / I cause special

shapes of the spherical trochoids.

symmetric rolling spherical involute spherical cycloid

Wo = W1 W) =% Wo =%



an important ingredient from planar kinematics

crank slider mechanism N’SX’, derived from the paper strip constr. of an ellipse k'

k' .. ellipse
center N/, %—major axis length a, moving point X’ € k'

crank slider N'SX”:
—B / B = angular velocities of N'S / SX' (w.r.t. k")

kg = circumcircle (affine image) of k’

Thm.:
Any 2 out of the following 3 statements are equivalent:
e (3 = const.

o N'X{ rotates with constant angular, and therefore,

also constant area velocity (with regard to k_(’)).
o N'X’ rotates with constant area velocity with re-

spect to K



top views of spherical trochoids

top view = orthogonal projection in the direction of the lead

Thm.:

The top-view /" of a spherical trochoid / is (in general)
a trochoid of order 3.

Proof: k' rotates with angular velocity o about O’
a=const. = N.X rotates with const. angular and area
velocity w.r.t. k

— N’X’ rotates with constant area velocity (w.r.t. k').
3 the affine mapping between the ellipse and its circum-
circle

— N’ X/ rotates with constant area velocity —(3 w.r.t.

k'. = N’'X’ moves with constant and absolute angular
velocity o — B(a + 3).

— in general: /" = trochoid of order three, characteristica : ¢ — B : a + 3

R
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curves of constant slope on ellipsoids of revolution

The synthetic approach towards spherical trochoids
delivers a synthetic proof of Enneper’s theorem:

Thm.:

The top views of the curves of constant slope on
an ellipsoid of revolution with (its axis parallel to the
lead) are epicycloids (cycloidal curves of order 2).

Here, wy = % — [ is a spherical involute and /" is
only formally of order 3.




special case — symmetric rolling

Z
RAVAE
flipped top view: = symmetric rolling trace of X°', " are both Pascal limacons.
I°"is a central similar copy of // X & k moves on ¥ x concentric with 3.



envelopes of lines

Top views of spherical trochoids can be generated as involutes of cycloids or
as offset of a similar involute.

kg (outside), k© (inside)
O'N'X'Qq, O'N. X Q>
n>00<nrn<rn mnH=-n

O'N°'N! rotates with o = const.
— O'Q; rotates with 3; = const. B; € {1, 2}
— of a hypozycloid z
as the envelope of n = [Q1, Q> X' X' X!]
acc. Thm. of L: top view O'N°'N/ (inst. axis)
is orthogonal to /" at X’

— /" is an involute of z (or offset of a similar

involute)
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curves of constant width

three-fold symmetry = z Is a Steiner cycloid
z lies completely in the interior of I/ = /" is
a closed convex (analytic, and even rational)
curve of constant width (like all involutes of z).

How to describe the totality of closed convex
(analytic) curves of constant width?

Describe the curve by the support function
h: S — R and solve

h(t) + h(t+m) =0,

h(t) + h(t+m) =0,

h(t) — h(t +2m) = 0.
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curves of constant width

the other one = curve with h = %(cos 3t +8)
curve from

Jank’s top view = curve with h = 1—10(cos 3t+9)
curve from improving the
curve from , 1.€., moving
the 3 cusps of the third kind

—> curve of constant width without visible real

singularities on the real branch!
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Thank You For Your Attention!
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