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What Is done so far?

for ruled surfaces - for channel surfaces - numericallgbralgally



ruled surfaces / channel surfaces What is done so far?

(1) interpolatory (and approximating) subdivision schemeasiléal surfacesl 1]

advantagesfast, su cient for computer graphics and animation
disadvantagesio exakt parametrization (although convergent)



ruled surfaces / channel surfaces What is done so far?

(3) G Hermite interpolation witlquadric
bi-arcs= interpolation on Pllcker's quadri
with conic bi-arcs

advantagessimple construction / compu-
tation, exact parametrization
disadvantagegestricted to degree 2, no

torsal / in ection rulings, lines have to be
inserted ...

(4) exactrational parametrization of
minimal degree of channel surfaces
advantagegational low degree para-
metrizations, exact
disadvantagescomplicated compu-
tation, real time?

(5) ...and many algorithms for developable (ruled) surfacéss.,:



Why interpolation with higher order continuity?

Isophotes (especially shadow boundaries) and re eatgs show HK 1 transition
at the GX join of two surfaces.

Gliding or rolling along / on such surfaces becomes morement if the joins are of
higher order continuity.



line geometry, sphere geometry

point models - Plicker's quadric - Lie's quadric - dictiesar



line geometry

L=[P;Q]...lineL spanned by point8 6 Q in somethree-dimensional space
P; g ...coordinate vectors d?; Q
l=q p,I=p ¢...drectionandmomentum vectoof L

L = (I;1) ...Plicker coordinates) interpretation as coordinates of pointsH?(F)
(arbitrary commutative eld~, char F 6 2)

Pllcker coordinates df ful Il
M5: 2 ((L;L)= H;Ti =0
L(;): F® F®1 F ... polar formof the regular ruled quadii¢5 (of index 2

L(L;M)=0 () L andM arecoplanar(intersecting).

M% and the ambient spade® serve as goint model for the set of linga P3(F)
(and ofcourse iR3), I\/Igf ... Plucker's quadric, Klein's quadric, GrassmanBg



line geometry - some corresponding objects

inM3 in terms of lines iP3(F)
point (straight) line

line M3 pencil of lines

plane M3 star of lines / ruled plane

2-, 3-dim. submanifold congruence, complex of lines
1-dim. submanifold (curve)ruled surface

conic M3 regulus (quadratic cone, dual conic)
algebraic curve of degree algebraic ruled surface of degree
point2 P°nM3 regular linear line complex

line P°>nM3 linear congruence of lirfes

plane P°nM3 regulus

? .. extended Klein images, actuayriers of 3-, 2-, and 1-dim. manifolds of lines

?? .. only if the conic's plane is containedV§



line geometry - di erential geometric properties of ruled s urfaces

GY Gl G?
point P point P + tangenttp | pointP (+ tangenttp)
+ osculating plan®p

rulingP surface tangents one regulus of the
alongP osculating quadric

GKX Hermite Interpolation of ruled surfaces means ...



sphere geometry

A sphereS in Euclidean three-spa& can always be given by its equation

(S5 Sa)(X2+ y2+ 2% 2(s;x+ Spy + 532) + (S + S4) =0

1

s & (S1:52; 83), radiusR = ¢ with s5 chosen such that

S 4

L3: s(SiS)=sf+ss+sf+sf £ =0

s; are homogeneous) interpretation in as coordinates of pointPr(R)

centerC =

s(;): R® R®! R...polar formof the regular ruled quadrié (of index }
s(S;T)=0() S andT are inoriented contact

L% and the ambient spade® serve as aoint model for the set of spherasR3
2

Lg ... Lie's quadric, projectively equivaleni\/lé (but not over the reals)



sphere geometry

in L% in terms of spheres R®
point sphere (inluding planes, points, ...)
line L% pencil of spheres (planes)

There are no planes L.

2-, 3-dim. submanifold congruence, complex of spheres
1-dim. submanifold (curve)envelope channel surface

(incl. pipe surfaces: = const:)

conic L3 one family of spheres

tangent to aDupin cyclide

algebraic curve of degree envelopan algebraic channel surface
of degree<n(2n 1)

point2 P°nL3 regular linear complex of sphefes
line P°>nL% linear congruence of sphetes

? .. extendedLieimages, actuallgarriers of 3-, 2-, and 1-dim. manifolds of spheres



sphere geometry - di erential geometric properties of chan nel surfaces

GY Gl G?
point P pointP + tangenttp | pointP + tangenttp
+ osculating plan®p
one-parameter families of spheres
Op
C C
tp tp
sphereP tangent cone aP one family of spheres enveloping

the osculating Dupin cyclide

the respective envelopes

A

Vv

S

GK Hermite Interpolation with channel surfaces means ...



Bézier curves in quadrics

control points - additional constraints - polynomial ¢amwdi



Bézier curves in quadrics

by ... (coordinate vectors ofgontrol pointsBy,

"k = E (1 t)" Ktk . Bernstein polynomials

B(t) = kp—nol k by ...Bézier curvef degreen o
The control pointsBy of a Bézier curv@ in a quadricQ
are (in general) not iQ, except the endpoints.
The quadric type and the degree of the Bézier curve have tchmat
There are no cubics on oval quadrics!
F+l o pEtly E o symm. bilinear fornf; commutative,char F 6 2
Q: ( X;X)=0 ...quadric irP"(F) (regular if its coe cient matrix is)

B Q0 B has2n+1 common points witlQ or
P(t)y=( B;B) 0 8t2F

0 All2n+ 1 coe cients of P(t) vanish (simultaneously). system of2n+1
equations (conditions)
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Bézier curves in quadrics - conditions on derivatives

Independent of , the parametrizatiomB(t) and its derivatives satisfy

dp=d(pB) 0 =9 (B;B) O
dezp:%(B;B) 0 =) (B;B)+( B;B) O
di:’gpz;;; =) 3(B;B)+( B;B) O

Boundary datdd =[P;P; P;P;:::] is always subject to these equations.

Since boundary data ful lls these equatidmne conditions resulting from the coef-
cients of P 0 are automatically ful lled!
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Bézier curves in quadrics - why?

Any polynomial / rational parametrization can be rewrittevarious bases.

It is just a linear mappindh the space of polynomials of degnee

monomial Bernstein : upper tria%pgular matrix with n@®ro entries

i N n k
1 k i k=0;:::5n

The coe cients corresponding to the Bézier representative the coordinates of
the control points.
Control points are helpful in any design process.

This approach keeps tltkegrees of the interpolants as low as possible
The huge variety of solutiomakes it possible to adumbnstraints(side conditions)
No further construction that raises the degree and no ilesedf lines is needed.
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algorithms

recipe - examples - problems - solutions



algorithms - recipe

1. Gk dataDg =[p;p;p;:::], D1 =[q;0; ;0]

that satis es the conditions on the derivatié&®m ruled/channel surfaces)
2. Dg ...determines the interpola@ att =0,

D1 ...determines the interpola@ att =1

3. the ansatzof the interpolant as a Bezier curve:
ad :
B(t) = 'k b with propem Y &

4. control pointschosen such that thek properties hotd

bo=p, by =[p;p], b2=[p;p;pl. ..., bn 2=1[0;0;0], bn 1=[0q;q], bn = p.
5. condition forB  Q: P(t)=( B;B) 0 8t 2]0;1]

sincedegB=n() degP =2n=) 2n+1 coecients ¢; =0

=) system of2n + 1 algebraic equations side conditionto be solved

6. for torsal ruled surfaces: additionaflyB;B) 0 8t 2 [0; 1]
=) system of4n algebraic equations side conditionso be solved -
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algorithms - G1

PrescribeG! data at the ends

Do=[p;pl. D1 =1[0;q]
that satis es the conditions on the derivatives
and make thensatz

=
B(t) = "k bk
_ k=0
with bg = p, b3 = g and
bi1= 1p+ 1p,b2= 20+ 20

(end point interpolation)

B Q0 P =( B;B) vanishes totallfor the cubic Bézier curvg if, and only if,
2 02+3 11=0,2 1.3+3 22=0, 3+9 12=0 (S1).
causes g0= 01= 23= 33=0, jj:= ( bi;bj)and xy:=( x7y)

=) three equations in four unknowns ; =) one-parameter family of solutions
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algorithms - Gl

Solving (S1) yields o
1= (2 pg 1t3 gq =2 p:),
2= (2 pg 2+3 pp D=2 p:)

and nally theunion of two hyperbolam

the[ 1; o]-plane.=)

©
I\

/%

solutions with
side condition

The totality of solutions to theG! inter- T
polation problem in quadrics with cubics is
the union of two quadratic one-parameter

familes solutions.
: 2 2 . 2
"8l pp qg I2%368( pg pg  pg P 1274 pig=0
Adding a propeside conditiors simpli es the search fauseful solutionsr helps to
avoid unwanted behaviour of solutions
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algorithms - G1

The unifying treatment as geometries in quadrics - allows us to apply the technique
to both, ruled and channel surfaces

The uniform parametrization of the interpolants may get @sthe way back to
three-space.
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algorithms - G2

PrescribeG2 data at the ends

Do=1[p;p;pl, D1 =1[0;0;d]
that satis es the conditions on the derivatives
and make thensatz

P
B(t) = "k by

with the afore mentioned end point conditiquhgs
b= 1p+ 1p+ 1P, b3= 2p+ 2p+ 2p.
B Q0 P=( B;B) O0forthe quintic Bézier curv if, and only if,
4 35 33 1+t9 3 23 2700 2 22141 t5 2 1,21 =0;

2):
[ 1;i+3+10 i;i+2+1o i+1;i+1:0; O;5+25 1;4+1OO 2;320 (S)

causes po= o01= 45-= 55=0,seven equations in twelve unknowns
=) 3-dim. variety of solutions of degreel50, with prescribed weights
=) 1-dim. variety of solutions of degree eight.
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algorithms - G2

The system (of algebraic equation{$?2) is solved only numericalty most cases.

The quality of the numerical soluti@an be checked by looking at
( B;B)= P(t): [0;1]! R
which isonly almost zer@ver[O; 1] due to numerical inaccuracies.
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algorithms - G2

Good solutions:

show onMittle variationin the
radius function and have self
Intersections

Bad solutions:
radius function has zeros [0; 1] or/and channel

surface looks nice at the ends, @rbws into the
wrong direction

Self intersections and loops can also occur at ruled ssrfHgze proper choice of;
can prevent the surfaces from running into the wrong directi
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algorithms - G2

Along a(regular, non-torsal, non-in ection, ...fulingR, the asymptotic tangents
of the ruled surfac® form a regulusA, i.e, the reguluscomplementary to the
primary regulu® of the osculating quadriclThere aretwo asymptotic tangent$in
general)which hyper-osculate the ruled surfaCeey intersect the ruled surface with
multiplicity four (at least)These lines are calleecnodal tangentsnd touch the ruled
surface at theecnodes There exists an analogon for channel surfacés:

Two ruled surfaces with &2 join along a (regular, non-torsal, non-in ection, ...)
ruling share the ecnodes
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algorithms - G2

We prescribé;?’ data at the ends

Do=[p; pP;p; Pl, Do=[p; p; p; P]
that satisies the conditions on the
derivatives and use thensatz

7
B = ' by with
k=0

bo=p, b1=[p;p] ...,
b7=0q,bg=[q;q], ....
B Q0 P=(BB) O
Four conditions vanish automatically du€to go= o1= 7=
Eleven conditions ol8 variables remain.
=) 6-dimensional manifold of solutions
Intelligent elimination strategy required!
Drop the degree and the dimension of the
solution manifold by prescribing the right
parameters!
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conclusion

problems - solutions - discussion - suggestions



conclusion - problems - discussion

Interpolation problems for channel surfaces should @ibgfeoe treated in the linear
cyclographic modeif the geometry of spheres.

=) advantagesimple spline interpolation

disadvantageyieldsGK joins of families of spheres,

but onlyGK 1 joins between enveloped channel surfaces

The uniform approach Bézier curves in arbitrary (regular) quadrissapplicable to
other non-linear geometries.
=) exact parametrization of interpolating motions

The shape parameters; or the side conditionshould be chosen carefully: Algebraic
curves of su ciently high degree tend éscillateor may even haveops So do ruled
surfaces!
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conclusion - problems - discussion

a badG? interpolation with a nasty loop
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Thank You For Your Attention!
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